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O^' formations of the spacetime metric that formally map solutions of the Einstein equations 
u '. 

to other solutions. The infinitesimal generators of these symmetries are assumed to be 
' local, i.e., at a given spacetime point they are functions of the metric and an arbitrary 
I but finite number of derivatives of the metric at the point. We classify all generalized 

symmetries of the vacuum Einstein equations in four spacetime dimensions and find that 

the only generalized symmetry transformations consist of 

(i) constant scalings of the metric 

(ii) the infinitesimal action of generalized spacetime diffeomorphisms. 

Our results rule out a large class of possible "observables" for the gravitational field, and 
suggest that the vacuum Einstein equations are not integrable. 



Introduction 

A point symmetry of a system of differential equations is a one-parameter group of 
transformations of the underlying space of independent and dependent variables that car- 
ries solutions of the equations to other solutions. Over a century ago, Lie [1] initiated 
a geometrical approach to the study of differential equations based on their point sym- 
metries. By considering infinitesimal group transformations, Lie produced algorithms for 
finding the point symmetries of any system of equations. For differential equations de- 
rived from a variational principle, Noether [2] proved that those point symmetries which 
preserve the action lead to conservation laws. Noether also pointed out that not all con- 
servation laws arise as a consequence of point symmetries. She therefore introduced the 
idea of derivative-dependent infinitesimal symmetry transformations, now known as "gen- 
eralized symmetries" . Her work, together with the appropriate technical assumptions [3] , 
establishes a one-to-one correspondence between generalized symmetries of the underlying 
action functional and conservation laws. 

In recent years, symmetry analysis has become an important tool in the study of 
differential equations [3,4,5]. This is due, in part, to the intimate connection between 
generalized symmetries and integrable systems of partial differential equations. Indeed, a 
widely acknowledged attribute of an integrable field theory is the existence of an infinite set 
of generalized symmetries [6,7]. Physically, the importance of symmetries of field equations 
stems from their use in: classifying solutions to the equations, construction of solution 
generating algorithms, and, via Noether's theorem, the identification of conservation laws. 

While applied mathematicians have devoted a large amount of attention to applications 
of the theory of symmetry groups to a variety of non-linear partial differential equations, 
relatively few results have been obtained for the most important non-linear field equations 
of theoretical physics, e.g., the Yang- Mills equations and the Einstein equations. The 
purpose of this letter is to report on the results of a generalized symmetry analysis of 
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the vacuum Einstein equations in four spacetime dimensions. Our analysis has yielded a 
complete classification of the generalized symmetries. 

Why look for generalized symmetries of the Einstein equations? The existence of "hid- 
den symmetries" of the Einstein equations would lead to solution generating/classification 
techniques, and perhaps even information about the "general solution" to the Einstein 
equations. There are hints that such symmetries may exist: the two Killing field reduction 
of the Einstein equations leads to an integrable system of partial differential equations 
[8,9]; the self-dual Einstein equations exhibit an infinite number of symmetries and can 
be integrated using twistor methods [10,11]. Recently, a set of generalized symmetries has 
been presented for the Einstein equations using the Newman-Penrose formalism [12]. A 
complete generalized symmetry analysis provides a systematic and rigorous way to unravel 
some aspects of the integrable behavior of the gravitational field equations. In particular, 
such an analysis indicates whether the rich structure of special reductions of the Einstein 
equations extends to the full theory, as well as clarifying the status of the symmetries of 
[12]. An equally important consequence of a generalized symmetry analysis stems from the 
fact that the existence of generalized symmetries of the Einstein equations is a necessary 
condition for the existence of local differential conservation laws for the gravitational field. 
If such symmetries/conservation laws could be found, they would lead to "observables" for 
the gravitational field. It has long been an open problem in relativity theory to exhibit such 
observables. The lack of observables currently hampers progress in canonical quantization 
of general relativity [13]. 

Generalized Symmetries of the Einstein Equations 

A generalized symmetry of the Einstein equations G^^^ = is an infinitesimal transfor- 
mation Sg^^i, of the metric which formally maps solutions of the Einstein equations to other 
"near by" solutions. The generator of a generalized symmetry transformation is built from 
the spacetime position x, the metric, and an arbitrary but finite number of derivatives of 
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the metric at x: 

^9ab = habi^, 9,9x9, ■■■)■ (1) 

We say that the functions h^b generate a symmetry if and only if they satisfy the hnearized 
Einstein equations, 

{-9'^'&rl - 9''^sii6!fl + 2^^^4^tf ) VdVchab = 0, (5) 

when the Einstein equations G^^ = hold. In (5) Va is the unique connection compatible 
with the Einstein metric g^^b- 

Note that while the infinitesimal transformation is a local function of the metric, the 
finite transformation it generates (if it exists) can be quite non-local. This is because the 
one-parameter family of solutions 9abW generated by /i^^ is obtained by solving a system 
of partial differential equations 

d9ab 



dX 



= Kbi^, 9,9x9, ■■■)■ 



There are two classes of generalized symmetries that can be identified immediately. 
The first is the well-known scale symmetry of the Einstein equations, which corresponds 
to the infinitesimal point symmetry 

^9ab = CQab, (la) 

where c is a constant. The second symmetry stems from the general covariance (diffeomor- 
phism covariance) of the Einstein equations. It is well-known that, for each vector field 
y (x), the tensor 

S9ab = ^aVb + VbVa (16) 

satisfies the linearized equations (5) when = 0. This point symmetry refiects the 
general covariance of the Einstein equations. The symmetries (la), (lb) comprise all the 
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point symmetries of the vacuum Einstein equations [14]. Given a generalized (covariant) 
vector field Xa = Xa{x, g, dxg, ■■■), a direct computation shows that 



also satisfies the linearized Einstein equations when = 0, and is hence a generalized 
symmetry. Let us call the symmetry (2) a generalized diffeomorphism symmetry. According 
to the principles of general relativity, one should really view the Einstein equations as a 
set of partial differential equations that determine diffeomorphism equivalence classes of 
metrics. Thus the generalized diffeomorphism symmetry (2) is considered physically trivial. 

Our symmetry analysis shows that the scale symmetry (la) and generalized diffeomor- 
phism symmetry (2) are in fact the only generalized symmetries admitted by the vacuum 
Einstein equations. The proof of this fact is rather long, accordingly it is best to begin by 
classifying an important sub-class of symmetries, the "natural" generalized symmetries. 
Natural symmetries are generated by those h^i) which transform properly under spacetime 
diffeomorphisms. Specifically, a "natural tensor" /i^^ is a tensor which is built from the 
metric, the curvature, and covariant derivatives of the curvature up to some finite order 
[15,16,17]. Such /i^^ are universal geometric expressions, and are defined on any manifold 
irrespective of its topological structure. In this case we have the following theorem. 

Theorem 1: Let Sg^^i, = h(ii,{g, dxg, ■■■) be a natural generalized symmetry for the Einstein 
equations G^b = in four spacetime dimensions. Then 



Sgab = ^aXb + VbX, 



a 



(2) 



Kb = Cfifai, + 2V(aX^), 



(3) 



where c is a constant and 



Xa = Xa{g,dxg,...) 



(4) 



is a natural (covariant) vector field. 
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We will now sketch the proof of this theorem; a more rigorous discussion with all of 
the details will be given elsewhere [18]. All our considerations are local in spacetime, i.e., 
we do not worry about boundary conditions, so our results are quite general. The strategy 
is to view /i^j, as a collection of functions on a very large space J'^ parametrized by the 
spacetime point x, the metric, the curvature, and the first covariant derivatives of the 
curvature at x. Note that J'^ is finite dimensional. For example, is the 34-dimensional 
space parametrized by (a^, S'afei -Rafecd)' where Rabcd curvature tensor. The Einstein 

equations = 0, and their derivatives VcGa^ = 0, '^(Nd^ah = 0) • ■ •> define a subspace 
£^ of and it is only on this subspace that the equations (5) need to be satisfied. In 
the example above, 8^ is a 24-dimensional submanifold of defined by the equations 

g'^'Rabcd = 0. 

Using the chain rule, the linearized Einstein equations (5) become an overdetermined 
system of partial differential equations restricting the functional form of /i^b- Because 
the resulting system of equations is quite overdetermined, it is possible to find all of its 
solutions. 

The primary complication in the analysis is that (5) need only be satisfied on £^ . To 
handle this complication we appeal to work of Penrose [19,20] which gives coordinates for 

in terms of spinors. The introduction of two-component spinors at this point restricts 
our analysis to the conventional four- dimensional spacetime of Einstein's general theory of 
relativity. While it is quite possible that our results generalize to higher dimensions, as it 
stands our analysis is limited to the four-dimensional case. 

Penrose's "exact set of fields" for the vacuum Einstein equations [19,20] can be viewed 
as giving an explicit parametrization of £^ . Let abcd represent the Weyl spinor (capital 
Latin indices are two-component spinor indices). Penrose's result is that the symmetrized 
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covariant derivatives of the Weyl spinor 

and its complex conjugate, for n = 0, 1, . . . , are freely specifiable at a point of an Einstein 
space and completely determine the curvature and all covariant derivatives of the curvature 
at that point. We will denote the spinor (11) and its complex conjugate by and 
respectively. Using the spinor form of the Ricci and Bianchi identities on an Einstein space 
it is straightforward to show that satisfies 



where Q denotes terms involving and ^ for A; = 0, . . . , n — 1. 



The spinor translation of the generalized symmetry equation (5) can be put into the 
form: 



aba'b' ^ x^' xn' I ^a'jv' / x^xb'x^' i ^ xBxb'xm'\ 

X ^ AA'^ BB'^m'^j^i = 0, 



(10) 



where h^f^^, is the spinor form of the symmetry generator /i^^. We have also introduced 
the skew-symmetric e-spinors, which are used to raise and lower spinor indices. Equation 
(10) is to be satisfied modulo the Einstein equations. Hence, without loss of generality, we 
can assume in (10) that h'^f^ , is a function of the soldering form cr^'^', where 



9ab = ^6aa') 



and the \E''^-spinors up to some finite derivative order N. The natural generalized 
symmetry h'^fj^, must satisfy (10) for all values of the "if^ spinors and their complex 
conjugates. 

As an illustration of our analysis let us assume that TV = 1 so that /i^ft is a natural 
tensor depending on no more than three derivatives of the metric at a given point: 



Because (10) involves two derivatives of hab, the left-hand side of (10) is a function of the 
soldering form and spinors for n = 0, . . . , 3. Differentiating (10) with respect to 

^'^ leads to the following restriction on the dependence of h^b on the W^- spinors: 



iM{NABCDE) . iM(NABCDE) _ 



E'N'M' 



(12) 



where we have defined 



iMNABCDE ^ m'n' 

'''m'n'e' •~ 
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ABODE 



Differentiating (10) with respect to \E' shows that the complex conjugate of (12) holds 
also. 

Next, let us demand that the second derivative of (10) with respect to vanish for 
all values of the ^'"-spinors. Using (12) this leads, after some analysis, to 



ffil^MN 

" '^m'n' 



^ ^ abode'-' ^ RSTUV 



= 0. 







Thus hg^b is linear m. its dependence on . Similar computations involving second deriva- 
tives of (10) with respect to , ^ and ^ , ^ show that the symmetry must be linear in 
its dependence on the ^'"'^-spinors, and also that hf^b contains no terms involving products 

We have thus found that the spinor expression of the generalized symmetry h^^b takes 
the form 



hfZ, = A^fJ^F^^'^^J^cDE + K^N' + complex conjugate, 



"M'N' 



M'N'E' 







where the A and B spinors depend on the soldering form and the undifferentiated Weyl 
spmors ^^,W^. The condition (12) gives us further information about the spinor A; (12) 
is satisfied if and only if there exist spinors D and X such that 



aMNABODE M(ATiODE B)N , ^MI^BODE A)N xN' , vN{BODE A)M cM' /i o\ 

^m'jv'b' - ^ ^m'n'e'^ + ^m' ^ V + ^n' ^ V • y^^) 



We further restrict the structure of the A-spinor by taking the mixed second partial 
derivative of (10) with respect to and After considerable analysis, the resulting 
equations can be shown to imply: (i) the D-spinor in (13) is independent of and 
i.e., D is a function of the soldering form only; and (ii) the spinor X is a gradient with 
respect to \E''^, i.e., 



yMBCDE _ ^ m' ( -\ a\ 

^M' - • (^4j 

<J^ BCDE 



Here is the spinor form of a natural spacetime vector field. 

Given (14), the X-spinors correspond to a generalized diffeomorphism symmetry (2). 
This can be seen by comparing the coefficient of the term in the spinor form of (2), 
namely 

Vix^ + V^'xf = ^ "^isTUA + ^^r^'^isTUB + complexconjugate, () 

with the last two terms of (13). 

To summarize, we have found that the only generalized symmetry for A'' = 1 is a linear 
function of Modulo terms of the form (2), the coefficient A of the term is a natural 
spinor built from the soldering form only. However, it can be shown that there is no spinor 
with the symmetries of A that is built solely from the soldering form. Therefore, modulo 
generalized diffeomorphism symmetries, the linear term in vanishes and we conclude 
that (modulo (2)) the symmetry can only depend on ^f^, and the soldering form: 

/i„^ = 2V(„A^) + /i;^(a,vl>0,*'^). 

We now repeat the whole analysis starting with (10) and ending with (14) under the 
assumption that the symmetry only depends on the soldering form and the undifferentiated 
Weyl spinors. A virtually identical series of calculations proves that h'^^ is a function of the 
soldering form only, h'^^ = ^^^(c)- This is easily seen to imply that the point symmetry 
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h'^^ can only be the scaling symmetry (la), i.e., h'^^ = CQg^). This proves the theorem when 
N =1. 

The proof of Theorem 1 in general is again via induction in the dependence of the 
symmetry h^^i on derivatives of the metric. The spinor equations that arise in the analysis 
for A?^ > 1 are considerably more complicated than in the example above, but they can be 
solved using elementary spinor techniques. 

Theorem 1 still leaves open the possibility that a non-trivial generalized symmetry 
can be constructed in some non-universal way from the metric, say with the aid of some 
externally prescribed auxiliary fields. Such symmetries are not universal in the sense that 
their existence may depend on the underlying manifold structure of the spacetime. While 
it is hard to know a priori what the geometrical meaning of such a symmetry could be, 
if we view the Einstein equations as just some set of partial differential equations, and 
ignore their geometric structure, then it is natural to seek such symmetries. We do this by 
allowing the symmetry generator h^^ to be an explicit function of the spacetime position 
X and drop the assumption that it is built only from the metric, curvature and covariant 
derivatives of curvature. Thus /i^j, is now allowed to depend on the spacetime position, 
the metric and a finite number of derivatives of the metric at a point, with no tensoriality 
assumptions. It is possible to generalize the analysis that leads to Theorem 1 to this case, 
and we can prove the more general theorem [18]: 

Theorem 2 : Let Sgai, = hai,{x, g,dxg, ■■■) be a generalized symmetry for the Einstein 
equations G^^i, = m four spacetime dimensions. Then 

Kb = C9ah + '^^{a^h) 

where c is a constant and 

Xa = Xa{x,g,dxg, ...). 
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The proof of Theorem 2 involves the enlargement of the spinor variables to include the 
non-tensorial parts of the metric derivatives. An inductive proof, similar to that used in the 
natural case, is used to reduce the derivative dependence of the symmetry generator to only 
first derivatives of the metric modulo terms of the form (2). Because of the complicated 
dependence of the linearized Einstein equations on first and second derivatives of the metric 
occurring in the covariant derivatives, this case — first-order generalized symmetries — must 
be treated separately. A lengthy analysis leads to the result that, modulo the generalized 
diffeomorphism symmetry, the symmetry generator is a function of the undifferentiated 
metric only. This leads back to the scale symmetry and completes the proof. 

Theorems 1 and 2 allow us to determine the structure of possible conservation laws for 
the vacuum Einstein equations. Let us define a local differential conservation law for the 
Einstein equations as a current (vector density) J"' = J"'{x, g, dxQ, ■ ■ ■) satisfying 

VaJ" = daJ" = 0, (8) 

when Gal) = 0- Then we can prove the following corollary. 

Corollary 1: Let J" be a local differential conservation law for the vacuum Einstein 
equations in four spacetime dimensions. Then there exists functions S"'^{x, g, dxg, ■ ■ ■) 
skew symmetric on a and h, S"'^ — —S^°', such that, up to terms that vanish when the 
Einstein equations hold, 

J« = Vi^S""^. (9) 

If is a natural vector density, i.e., built from the metric, curvature and covariant deriva- 
tives of the curvature, then S^^ can be chosen to be a natural tensor density. 

This corollary follows from the fact that the existence of a generalized symmetry is a 
necessary condition for the existence of a local differential conservation law (see, e.g., [3]), 
and some fundamental results from the theory of the variational bicomplex [21]. From 
the point of view of the theory of local differential conservation laws, the form (9) of 
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is trivial in the sense that such conservation laws are always possible for any system of 
equations, irrespective of the form of the equations. Nevertheless, such currents can have 
a physical role to play in general relativity. Indeed, (9) forms the basis for constructing 
energy-momentum pseudo-tensors for the gravitational field [22] . 

The form (9) of the conservation laws has strong implications for the existence of 
"observables" in the Hamiltonian formulation of gravitation in closed universes. Recall 
that observables are defined as functions on the gravitational phase space that have weakly 
vanishing Poisson brackets with the super-Hamiltonian and super-momentum [23,24]. This 
is equivalent to defining observables as constants of motion for the Einstein equations. 
From (9), however, it is clear that if the spatial manifold is compact without boundary there 
can be no non-trivial constants of motion built as spatial integrals of local functions of the 
spacetime metric and its derivatives. Thus our generalized symmetry analysis has ruled out 
a large class of observables. In particular, we conjecture that there are no observables built 
as spatial integrals of local functions of the canonical (ADM) coordinates and momenta 
(and their derivatives). It would thus appear that observables must be constructed in a 
non-local fashion, e.g., along the lines of those found in the class of cylindrically symmetric 
Einstein metrics in [25]. We are currently exploring the Hamiltonian implications of our 
analysis. 

Summary 

We have classified all generalized symmetries and local differential conservation laws 
of the vacuum Einstein equations in four spacetime dimensions. The symmetries consist of 
constant scalings and the induced action of infinitesimal generalized diffeomorphisms. The 
corresponding conservation laws are trivial. We note that the vacuum Einstein equations, 
when viewed as a system of equations for diffeomorphism equivalence classes of metrics, 
fail to pass a widely acknowledged "litmus test" for the integrability of a system of partial 
differential equations, namely, the existence of an infinite-dimensional set of generalized 
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symmetries [6,7]. 

Our analysis suggests several questions for further study; they include: the Hamiltonian 
interpretation of Theorems 1, 2 and Corollary 1, existence of generalized symmetries of 
subsystems of the Einstein equations, existence of non-local symmetries, e.g., Backlund 
transformations, and existence of generalized symmetries of the Einstein equations with 
matter couplings. 
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